In this note we show how Kontsevich-Soibelman algebra arise naturally in Open Gromov-Witten theory for not compact geometries.
Introduction
Let M be a Calabi-Yau three-fold and L be a maslov index zero lagrangian submanifold of M . Open Gromov-Witten invariants for the pair (M, L) are defined in general in [8] and are the natural mathematical counterpart of the partition function of the A-model Open Topological String introduced by Witten in [10] .
If M is compact Open Gromov-Witten invariants are defined as rational numbers. In the not compact case Open Gromov-Witten invariants are more suitable interpreted as elements of a vector space. The last statement is analogous to the one in Topological Field Theories, where for a manifold L with ∂L = Σ, the partition function of L defines a vector on the space of boundary states defined quantizing the theory on Σ × R. According to [10] , the relevant TFT for the A-model Open Topological String is the Chern-Simons theory living on L corrected by Wilson loops associated to bordered holomorphjc curves of the pair (M, L). We are interested to abelian chern-simons theory, that corresponds to consider a single brane wrapped on L. Thus, the partition function of Open Topological string defines a state of the quantization of the abelian Chern-Simons on Σ × R ( [1] , [2] , [3] ). More precisely it defines an element on the so called space of coherent states. These statements were made mathematically precise in [5] , [6] , [8] .
For simplicity in this paper we assume that the symplectic form of M is exact. These geometries are important in physics in the context of 3d-gauge mirror symmetry ( [2] , [3] ) and in mirror symmetry (see [11] for a review close to the context of this note). In the exact case we can take as space of topological charges of holomorphic curves the boundary homology in H 1 (L, Z). It can be argued that only particular topological charges admit configurations of curves with a not trivial contribution to the partition function of topological string (see the introduction of [8] ). In the compact case the topological charge has to be torsion in H 1 (L, Z). For not compact geometries we are interested to the configurations with topological charge in the image of H 1 (Σ, Z) → H 1 (L, Z). We call Γ f lavor this sublattice of H 1 (L, Z) .
In [8] it is defined multi-curve homology M CH(γ) associated to an element γ ∈ H 1 (L, Z), and it is proved that Open Gromov-Witten invariants are naturally interpreted as elements of M CH 0 . In the compact case it is proved that M CH 0 (γ) = Q for γ a torsion element of H 1 (L, Z). In this paper we are more interested to not compact geometries. We assume that L has cylindrical ends, that is, we assume that outside a compact set L is diffeomorphic to Σ×R , for some riemmanian surface Σ. We also assume suitable convexity properties at infinity in order to assure that the moduli space of pseudo-holomorphic curves is compact. For each γ ∈ Γ f lavor , M CH 0 (γ) is a one dimensional vector space. The choice of an isomorphism M CH 0 (γ) ∼ = Q involves the choice of a frame of L. This is a straightforward generalization of [7] . We consider the quantum Kontsevich-Soibelman algebra (in the sense of [4] ) associated to H 1 (Σ, Z) with the canonical intersection form, and we show that it has a natural representation on the space of coherent states.
A relation between Open Gromov-Witten invariants and Kontsevich-Soibelman algebra was also studied in [9] , where it was proved that the intricate combinatorics of the Kontsevich-Soibelman wall crossing formula follows directly from the invariance in Open Gromov-Witten theory in the sense of [8] . The argument of [9] was the natural mathematical formalization of the argument of [1] , where it was studied the Kontsevich-Soibelman Wall Crossing formula for four dimensional gauge theories in the context of A-model Open Topological String. In [1] it was argued that to a pair (T * C, Σ) it is possible to associate a pair (M, L) with M = T * R 3 and L of the type Σ 0 × S 1 , for some riemmanian surface Σ 0 . However the submanifold L that they define is not lagrangian. This gap was cured in [2] , where it was observed the connection between KSWCF and 3d-gauge mirror symmetry. The geometry considered in [2] are M = T * (R 3 ) and L is of the topologically Σ 0 × R. This fit in the frame of this note with Σ = 2Σ 0 . More general L are considered in [3] .
In string theory, to the pair (M, L) considered in this paper, it is associated a 3d N = 2 supersymmetric gauge theory engineered by wrapping M 5-branes on L. The partition function of the gauge theory is related to the partition function of the Open Topological String of the pair (M, L) (see [2] ). Thus, the rational number invariants defined in this paper can be interpreted as a mathematical definition of the partition function for this type of 3d gauge theories. This can be seen as a first step to understand mathematically 3d-gauge mirror symmetry ( [2] , [3] ) in symplectic topology .
Multi-Curve Homology
Let L be an orientated 3-manifold. In [8] is introduced the multi-curve homology of L, and showed that Open-Gromov Witten invariants take place naturally in M CH 0 . It is a simple algebraic lemma that M CH 0 can be computed in terms of a much simpler homology group that is called nice multi-curve homology N M CH 0 . In spite of its simplicity, this result is very powerful since would be basically impossible to construct an element of N M CH 0 directly from the moduli space of curves. We now review the simple definition of N M CH 0 .
For each positive integer k fix
We first define a set of generators of the space of nice multi disk 0-chain C 0,k . Fix the following data:
Assume that the support of γ h and γ σ(h) are disjoint for every h ∈ H(k). Here we consider curves in a slightly generalized meaning. More precisely we should consider 1-currents such that can be represented by simplicial 1-chains. This point will be of minor importance in this paper.
Then consider
as a current of dimension 2k in L H(k) . The space of nice multi disk 0-chain C 0,k is the vector space of linear combination on Q of chains of type (1) . The vector space of nice multi curve 1-chains C 1,k is generated by isotopies of (1). Fix {t → γ h (t)} h∈H(k),t∈ [a,b] and assume that {t → γ h (t)} and {t → γ σ(h) (t)} cross transversally for a finite number of t. Then consider
as a current of dimension 2k + 1 in L H(k) . The space of nice multi disk 1-chain C 1,k is the vector space of linear combination on Q of chains of type (2) .
Define the linear map ∂ : C 1,k → C 0,k inducted by the usual derivative on the space of currents. Moreover there is a linear map δ : C 1,k → C 0,k−1 defined by the intersection with the big diagonals associated to elements of E(k) (see [8] ). DefineĈ d = ⊕ k C d,k , for d = 0, 1. The nice multi-curve homology N M CH 0 is defined as the cokernel of the linear map
Let M be a Calabi-Yau three fold, and L a lagrangian submanifold of M of maslov index zero. Assume suitable convexity properties at infinity in order for the moduli space of pseudo-holomorphic curves be compact. To each β ∈ H 2 (M, L) and χ ∈ Z ≤1 , it is associated an element Z β,χ ∈ N M CH 0 (∂β) that depends only by the pair (M, L).
Algebraic Description.
For simplicity we now assume that the symplectic form of M is exact. Assume also that L has cylindrical ends and fix a diffeormosphism of L with (−∞, 0] × Σ outside a compact set. This type of geometries are important in physics in the context of 3d-gauge mirror symmetry ( [2] , [3] ) and in mirror symmetry (see [11] for a review close to the context of this note).
Since we assume M exact we the space of topological charges Γ considered of [8] can be identified with H 1 (L, Z):
We are interested to the subgroup of Γ of flavor charges:
Fix γ ∈ Γ f lavor . Define P γ as the set of pair of curves (γ,γ ′ ) on L with disjoint support and [γ] = [γ ′ ] = γ ∈ H 1 (L, Z), modulo the following relation:
• the pair (γ(t),γ ′ (t)) cross trasversal for finete numbers of t ∈ [0, 1]
• the number of crosses, counted with sign, is equal to zero. Observe that since the intersection pairing between elements of Γ f lavor and elements of H 2 (L, Z) vanishes, the number of crosses in the last item is well defined. • the number of cross, counted with sign, is equal to k. Define
Let V γ be the vector space of formal finite linear combination of elements of P γ :
Let [g −1 , g]] be the Q-vector space of the formal Laurent series in the variable g.
We are interested to the subspace of H γ given by
for some v ∈ V γ . We call H coh γ the space of coherent states. It is easy to see that the definition of H coh γ does not depend on v ∈ V γ . As corollary of Theorem 1 we have Proposition 3. To (M, L), γ ∈ Γ f lavor , is associated an element Z γ ∈ H coh γ . It follows directly from Theorem 1 that to (M, L) it is associate an element Z γ ∈ H γ . To actually prove that Z γ ∈ H coh γ we need to assume stronger properties of forgetful compatibility (in the sense of [8] ) for Z γ relating components of different χ. In order to do this we need to use the stronger forgetful propriety of the element of M CH 0 constructed from the moduli space of multi-curve in [8] , and observe that the isomorphism N M CH 0 ∼ = M CH 0 can be achieved in order for the suitable propriety to hold in N M CH. For γ 1 ∈ H 1 (Σ, Z) we define a map
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as follows. For a given (γ,γ ′ ) ∈ P γ , let T ∈ R >0 big enough such thatγ andγ ′ have support outside (−∞, −T ) × Σ.
. Observe that it does not depend on the choice ofγ 1 ,γ ′ 1 , and in particular on the
are related by an isotopy that interchange the order of t ′ 1 and t 2 . The result follows from the definition of the Z-action of Lemma 2.
It is straightforward to check that e γ1 commutes with the action of Z defined in (3), and therefore the linear map (4) induces a linear map
. From Lemma 4 it follows that
3.1. Spin Structures and Quadratic Refinements. So far we have worked with a fixed spin structure of L. We now consider the dependence on the spin structure. Consider the set
Recall that there is a natural action of H 1 (L, Z 2 ) on Spin(L). For ǫ ∈ H 1 (L, Z 2 ), we denote by ǫσ the spin structure we get acting with ǫ on σ ∈ Spin(L). Thus we define the action of ǫ ∈ H 1 (L, Z 2 ) on SM CH(γ) by
This define an action of H 1 (L, Z 2 ) on SM CH. In Open Gromov-Witten theory we are interested to elements of SM CH that are invariant by the action of H 1 (L, Z 2 ). The representation defined in (6) commute with (8) only up to sign:
We now want modify the definition of e γ in order to get rid of the sign factor ǫ(γ) in the right side of (9) .
Recall that a quadratic refinement of the intersection pairing of H 1 (L, Z) is a map σ : H 1 (Σ, Z) → Z 2 such that σ(γ 1 )σ(γ 2 ) = (−1) γ1,γ2 σ(γ 1 + γ 2 ).
There is transitive action of H 1 (Σ, Z 2 ) on the set of quadratic refinement defined by
A classical result of Atiyah states that there exists a one-to-one correspondence between spin structures on Σ and quadratic refinement spin structures on Σ ←→ quadratic refinement of (−1) ·,· that is compatible with the action of H 1 (Σ, Z 2 ) on both the sides.
For σ ∈ Spin(L) denote by σ 0 the quadratic refinement corresponding to the spin structure of Σ defined by the restriction of σ to Σ. Define (10)ê γ = σ 0 (γ)ê ′ γ . Now, instead of (9), the action ofê γ commute with the action of H 1 (L, Z 2 ):
From (7) it follows the relation:
Therefore we have Observe that the prescription of the square root of q is consistent with the semiclassical limit q 1 2 → −1 in the sense of [4] :
Frames and rational invariants
The definition of Open Gromov-Witten invariants as rational numbers involves the choice of a frame of L ( [7] ). Define
In [7] is considered the case L = S 1 × R 2 , where Σ = S 1 × S 1 and K = Z. The frame is defined as an element f ∈ H 1 (Σ, Z) = Z × Z such that f and K span H 1 (Σ, Z). It is observed that a frame f defines a linking number on L, and thus leads to rational numbers invariants.
The generalization of the notion of frame for general L and Σ is straightforward. Denote by Q Q :
For γ ∈ Γ f lavor define a frame for γ an element f ∈ H 1 (Σ, Z) such that Q(f ) = γ As in [7] we have Lemma 6. Given γ ∈ Γ f lavor and f ∈ H 1 (Σ, Z) such that Q(f ) = γ, there exists a unique map
Here we are using the same notation as in (6):f andf ′ are curves on L with [f ] = [f ′ ] = f .f has support on {t} × Σ ,f ′ has support on {t ′ } × Σ, for some real numbers t, t ′ such that t = t ′ < 0. As in [7] , the lemma follows easily from the fact that the intersection pairing between H 2 (L, Z) and Γ f lavor vanishes.
From (13) it follows that the map (12) induces a linear map
Thus, applying Theorem 1 we get rational numbers invariants associated to the pair (M, L).
4.1.
Compactifications. The definition of frame used in string theory (see for example [2] , [3] ) is slightly different from the one we have defined above. We now make some simple comment on the relation between the two definitions proving that the physical one is actually a particular case of ours.
In general, to define the partition function of a physical theory for not compact geometries, it is necessary to fix some kind of boundary conditions at infinity. In the context of this note, this can be done defining a compact manifoldL such that L is identified with an open subset ofL. In order to defineL we proceed as in [2] . Fix a maximal dimensional isotropic subspace F of H 1 (Σ), and letΣ the three dimensional manifold with ∂Σ = Σ and F = Ker{H 1 (Σ) → H 1 (Σ)}.
Consider L as a compact manifold with ∂L = Σ, and defineL attaching L andΣ along Σ:L = L ∪ ΣΣ . Observe that F is not necessarily transversal to K. Denote by Q : H 1 (Σ, Z) → H 1 (L, Z) the natural map. We have In this way we are reconducted to the compact case, thus we can get rational invariants using the multi-link homomorphism defined in [8] . We are interested to the homological classes γ ∈ H 1 (L, Z) with image trivial in H 1 (L, Q). According to (14), this condition can be states as γ ∈ Q(F ) up to torsion. For (γ,γ ′ ) ∈ P γ , denote by LinkL(γ,γ ′ ) the linking number considering the curves as curves onL. For f ∈ F be such that Q(f ) = γ in H 1 (L, Z), define Link f (γ,γ ′ ) as in Lemma 6. The definition of linking number on compact manifold implies directly that LinkL(f ,f ′ ) = 0. Thus, from Lemma 6 we get LinkL = Link f .
The last formula provides the relation between the frame defined in this paper and the frame used in physical context ( [2] , [3] ).
